The collapse of attractive Bose-Einstein condensates in a box with tunable interatomic interactions was studied experimentally recently. Not only were remarkably stable remnant condensates observed, but furthermore they often seem to involve two stable plateaus. We suggest that these plateaus correspond in fact to two minima of the energy, the attractive atomic interactions being nonlocal. We show in detail that all the experimental data for these remnant condensates can be accounted for by minimising a variational energy involving a nonlocal interatomic potential that is attractive everywhere and that has a range of the order of the magnetic length.
I. Introduction
Detailed experiments on collapsing attractive BoseEinstein condensates in magnetic traps have revealed the existence of remarkably stable remnant condensates that survived with almost constant number of atoms for more than 1 second [1] . In the aftermath of these experiments, many attempts were made to explain the stability of these remnant condensates using the usual local Gross-Pitaevskii equation, augmented by a three body loss term [2] :
where |ψ| 2 d 3 r = N and g = 4πh 2 a/m, N being the particle number in the condensate and a being the scattering length. For a localised condensate wavefunction ψ this equation leads however to the depletion rate
This equation shows most clearly that the particle number can not remain constant if ψ is nonzero. Thus * Electronic address: stavrost@ucy.ac.cy the survival of a remnant condensate for very long times of the order of one second cannot be explained this way.
A way out is offered when we recall that the GrossPitaevskii equation assumes that the attractive interactions between the atoms are very short-ranged and can be approximated by a delta function. It has been shown, however, that if these interactions are nonlocal, then the condensate cannot collapse [3] . The energy possesses then two minima near the critical point, a local one that corresponds to the usual low density metastable condensate, and an absolute one, that corresponds to a high density stable remnant condensate. The collapse of the metastable condensate and the formation of the remnant condensate is nothing else then than the transition from the local to the absolute minimum [4] . A recent work [5] used this idea in order to explain in detail the experimental observations of Ref. 1. This remarkable stability of the remnant condensates for times as long as one second has been studied thoroughly recently for attractive Bose-Einstein 39 K condensates with tunable interactions in the uniform potential of a cylindrical optical-box trap [6] . In interactionquench experiments an attractive condensate was prepared above the negative critical scattering length a c and then the scattering length was quenched to a variable , from set 2 of Ref. [7] . The maximum number 124021 of the top plateau is the initial number, the top particle number in the intermediate plateau is 90700 and the lowest particle number in the lower plateau is 54913.
scattering length below a c , initiating thus the collapse.
After a variable holding time the scattering length was turned abruptly from negative to positive and the trap was switched off. Then the cloud was observed.
In many instances in these experiments a remarkable two-plateaus structure appeared, as can be seen in the example of Figure 1 .
Indeed, two clearly resolved branches of final particle numbers were observed after the collapse for many of the final values of the scattering length. The final particle numbers did not seem to decline as time passed. Consequently, if one tries to use nonlocal interactions, one would need two minima in the energy after the collapse, not one. Furthermore, these minima should give the particle numbers observed in the experiment of Ref. [6] .
In this paper, we adopt the assumption of nonlocal interatomic interactions in order to interpret these observations. We use a nonlocal interatomic potential derived through general plausible arguments and we then calculate the energy using a very simple variational trial function for the condensate wavefunction. The resulting energy is minimised and the minima are fitted to all six sets of data provided by the experimenters [7] . We find that the same values for the parameters of the interatomic potential can explain all six sets. Hence the recent experimental data strongly suggest that the nonlocal interatomic interactions are the reason for the appearance of stable remnant condensates manifesting a two-plateaus structure as far as the final particle number is concerned.
The condensate makes a transition from a minimum of the initial energy to one of the two available minima of the final energy.
II. The nonlocal energy
The collapse of attractive condensates is prevented by nonlocality. The collapse to a singularity is avoided because the long-range potentials of the interatomic interaction facilitate the formation of big clouds with a rather low density. Thus the question is not whether the initial metastable condensate will collapse into a singularity, but indeed to which minimum of the energy it makes a transition to as it collapses.
The energy functional for a nonlocally attractive BoseEinstein condensate in a cylindrical box trap is:
where d 3 r|Ψ| 2 = N , N being the number of particles.
If a is the negative scattering length, then we keep the interatomic potential negative and we set g = 4π|a|h 2 /m.
We note that the particular cylindrical box trap used in Ref. [6] has length L and radius R = L/2, L being 30.2 µm in most of the cases.
Let us make the energy of Eq. (3) dimensionless by measuring distances in units of R, energies in units of
The potential is taken to have an integral of -1, since it will be a generalisation of the negative delta-function potential used in the Gross-Pitaevskii equation.
Since the trap is not a magnetic one, there is no harmonic oscillator term in the energy. The only available length scales are then the scattering length a, the radius of the cylinder R and the magnetic length h/eB, which is the smallest size allowed by the uncertainty priciple for a localised orbit within a magnetic field. However, right after collapse a spherical expanding shell was observed in the box, according to Ref. [6] . This shell reflected off the box walls and returned to the remnant. This could only happen if the border of the condensate is at a substantial distance from the walls of the trap. Hence the condensate is considerably smaller than the box and cannot really feel the cylindrical symmetry of the walls. We deduce thus that the condensate wavefunction is spherically symmetric around the centre of the condensate and becomes zero long before reaching the walls. In other words, the length scale R is irrelevant for the condensate.
On the other hand, the scattering length is too small to be an interaction range for the nonlocal interactions.
Thus the only length scale that can be associated with this range is the magnetic length, which is equal to 2.56 µm/ √ B if B is measured in Gauss. The scattering length a near a Feshbach resonance is given by the expression
where a bg is the background scattering length, ∆ is the resonance width and B p is the resonance centre, these quantities having the values [8] 
and B p = 402.45G for the 39 K condensates used in [6] .
We define the positive dimensionless variable ǫ = −a/a 0 , where a 0 is the Bohr radius. Then the magnetic length is ℓ = 2.56556 µm
As far as the interatomic potential is concerned, we can assume that it will have a range of the order of ℓ.
The simplest way for the potential to decrease would be a gaussian. We also want it to become zero at some point sufficiently far away from the centre of the condensate, just as the delta-function does in the local case.
Furthermore, we expect the interatomic potential to be spherically symmetric, as mentioned earlier.
We adopt then the simplest spherically symmetric potential that becomes zero at a certain radius, that is longranged and that is always attractive and never changes sign:
This potential involves the interaction range d and vanishes at the point r = qd, where the parameter q is dimensionless. We demand that its integral over all space be equal to -1, so that it generalises an attractive deltafunction. Hence
We expect the range d to be of the order of the magnetic length ℓ, since a is much smaller than ℓ. So, writing d in units of R:
where the number c 0 will be determined from the experimental data. We also expect the parameter q to be a function of the ratio a/ℓ of the only two relevant length scales, since it is dimensionless. In any case, its variation with respect to this ratio will have to be a slow one, because this ratio is very small for the magnetic fields used in the experiment.
We shall now adopt the simplest possible variational trial function for the condensate wavefunction:
where
We can calculate then the total energy of Eq. (4), by integrating over all space. We obtain
where the dimensionless parameter k is equal to γd 2 .
The main result of this paper is this Eq. (11).
We can get an idea of what this energy looks like by plotting it in Figure 2 for the values q = 1.0783, d = 0.0240 (in units of R), N = 124021 (a value from set 2 of Ref. [7] ), a = −1.018a 0 , ǫ = 1.018, α = 5.561 and R = 15.1µm.
We can understand now the behaviour of the system when we quench it from a value of a above the critical point. It has two possible minima to make a transition to, hence the two plateaus observed.
If the condensate is in a given initial state Ψ 0 with < Ψ 0 |Ψ 0 >= N , we can write it as a superposition of the possible final states X j through the expansion Ψ 0 = j c j X j , with < X i |X j >= N δ ij , c j =< X j |Ψ 0 > /N and j |c j | 2 = 1. The probability of finding the system in a final state X j is |c j | 2 . In terms of the normalised states χ j = R 3 /N X j and ψ 0 = R 3 /N Ψ 0 this probability becomes | < χ j |ψ 0 > | 2 , leading to the fraction of atoms in the final state
Our energy has however two states as possible destinations, χ 1 and χ 2 , with corresponding condensate numbers N 1 and N 2 , where χ 1 is taken to have higher energy than χ 2 . Then a transition from the initial state ψ 0 can lead either to χ 1 or χ 2 . The transition to χ 2 can proceed via two paths: either directly from the initial state to χ 2 or in two stages through the intermediate state χ 1 (first from ψ 0 to χ 1 and then from χ 1 to χ 2 ). The total probability for this transition to χ 2 is the sum of the probabilities for the two paths, leading thus to the condensate number fractions
and
Let the wavefunctions ψ 0 = ψ γ0 (r), χ 1 = ψ γ1 (r) and χ 2 = ψ γ2 (r) involve the parameters γ 0 = k 0 /d 2 ,
Then the above equations become:
These two equations can determine k 1 /k 0 and k 2 /k 0 if According to Ref. [7] , for the value a = −0. The value of c 0 found above can be used for all measured values of a, for all sets in Ref. [7] , since it is just the proportionality constant between d and the magnetic length. Hence the dimensionless d is given by
This interaction range is of the same order of magni-tude as the one found in Ref. [5] for condensates in harmonic oscillator traps. Now that we have found d, we can use it for every value of a examined in Ref. [7] with the recorded number of atoms that is exactly above the one that was just examined. This way we find at some point a maximum acceptable value of N 1 , above which the derivative dE/dk cannot be made to vanish at both k 1 and k 2 . This is the actual value that corresponds to the state χ 1 . The corresponding values of q and k 0 are the ones that we are looking for.
We have calculated the values of N 1 for every value of a that was used in Ref. [7] . These values, along with the corresponding values for N and N 2 , appear in the appendix.
As an example, let us apply this method to the examination of the numbers recorded at ǫ = 1.35369 in set 2 of Ref. [7] (L = 30.2µm). These numbers are shown in Figure 3 . The largest among them is N = 121063, while the smallest of these is N 2 = 44949. If we try and solve the equations E ′ (k 1 ) = E ′ (k 2 ) = 0 along with Eq. (14) and Eq. (15) This second configuration is energetically preferable, as shown in Figure 4 . Hence the radius of the condensate is smallest when it has reached the absolute minimum.
In fact, we have verified that the local minimum is always on the left in the energy E(k), for all values of a and for all the sets. Since the value N 1 = 87572 is the highest for which there exists a configuration for q and k 0 with two minima, it is the appropriate number of atoms for the condensate when it is in the local minimum of the energy for the case ǫ = 1.35369. Lower numbers of atoms correspond to snapshots of the condensate during the transition from the local to the absolute minimum of the energy.
Using the method decsribed above we have calculated the values of the parameter q for every value of a that was used in Ref. [7] . Furthermore, we have found the critical point for each set, since at the critical point the energies of the two minima are equal. The value of α at the critical point is 4.080913 for all the sets. The values at the critical point for q, ǫ and N for each set are given in Table I . from set 2 of Ref. [7] . The dashed curve corresponds to q = 1.020045 and k0 = 7.53372, while the continuous curve corresponds to q = 1.05322 and k0 = 0.263488. Energetically preferable is the continuous curve, for which the condensate at the absolute minimum has a smaller radius than the condensate at the local minimum.
Having found the value of q for each value of a used, we plot them in Figure 5 as a function of ǫ/d for all six sets of Ref. [7] . We can see that for any given a the values of q roughly coincide, irrespective of the set they belong to and irrespective of N . This confirms the fact that q Furthermore, we see that q varies very slowly as a function of ǫ/d. We can assume then that q is a parabolic function of this parameter. We find that all the data are fitted very well by the function
as we can see in Figure 5 . We can also find for each set a parabolic fit for the q values, required to pass through the critical point. These fits are given in Table II . They are good to within 0.5 percent, as can be seen in Table   II , as well as in Figure 6 for the case of sets 2, 3, 4.
In Figure 7 we plot these parabolic fits for the sets. We see that they almost coincide, irrespective of the particular set. [7] . A parabolic fit to these data is the function
the corresponding scattering length −ǫ 0 a 0 of the initial state (before the quench). We have calculated in fact all these initial scattering lengths and we verified that all of these corresponded to minima of the energy.
For example, for the case a = −1.01811a 0 of set 2 of
Ref. [7] (ǫ = 1.01811) we have N = 124021, N 1 = 90700, (blue dashed) and set 6 (red dashed) of Ref. [7] .
We note further that the initial scattering lengths are above the critical scattering length. We show for example in Figure 9 the starting points ǫ 0 versus the parameter ǫ = −a/a 0 for the data of set2. They are all below the critical value ǫ crit = 0.754383, as they should.
One last comment concerns the appearance of the plateaus for a number of the recorded values a. When N 1 is close to N or N 2 , the intermediate plateau coalesces
with the initial or the lowest plateau and one gets the impression of a single plateau of collapse. Such is the case with the value a = −1.04422a 0 from the set 5 of Ref. [7] . The starting points ǫ0 versus the parameter ǫ = −a/a0 for the data of set2 of Ref. [7] . They are all below the critical value ǫcrit = 0.754383.
The observed values for the number of atoms are shown in Figure 10 , for which N = 65259, N 1 = 43358 and N 2 = 36508. These numbers are the maximum number of the top plateau, the top particle number in the lowest plateau and the lowest particle number in the lowest plateau, respectively. The value 43358 for N 1 is again the highest one that allows two minima in the energy. , from set 5 of Ref. [7] . The maximum number 65259 of the top plateau is the initial number, the particle number for the higher energy minimum is the top particle number 43358 of the lowest plateau and the lowest particle number 36508 in the lowest plateau is the particle number for the absolute minimum of the energy. We find for this case that k 0 = 0.200980, k 1 = 0.584803, k 2 = 2.07838, q = 1.15366, ǫ 0 = 0.533563. The corresponding energy is shown in Figure 11 .
IV. Conclusions
The observed remarkable stability of the remnant condensate that was observed during the collapse of an attractive Bose-Einstein condensate in a box after quench-ing from a value of a above the critical point cannot be explained in terms of an extension of the Gross-Pitaevskii equation via an imaginary quintic term. A nonlocal extension of this equation is required. The nonlocal potential will have to be spherically symmetric, since the observations show that the condensate is much smaller than the box and does not feel the cylindrical features of the box, and will have to vanish at some point. Furthermore it should never change sign. As a result of these requirements, the energy will have two minima. This is why two plateaus are observed in the experiment. As the scattering length is changed suddenly to a value below the critical point, the condensate makes a transition to either of the two existing minima. In calculating the fraction of the number of atoms that remains in the remnant condensate we must take into account the fact that there are two possible paths towards the absolute minimum, a direct one and one through the local minimum.
We have used a simple trial function in order to find the 
V. Appendix
The maximum and minimum values observed for the number of atoms at each particular value of a are N and N 2 . The number N 1 is the maximum observed number for which an energy configuration with two minima is possible at a particular value of ǫ = −a/a 0 . The values (ǫ, N, N 1 , N 2 ) are given below for each set of Ref. [7] .
Set 1
